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Abstract. In this paper, we construct a complete set of primitive orthogonal idempotents for 
any finite Brandt semigroup algebra. As applications, we define a new class of codes called 
Brandt semigroup codes and compute the Cartan matrices of some Brandt semigroup algebras. 
We also study the supports, Hamming distances, and minimum weights of Brandt semigroup 
codes. 
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1. Introduction 

In the past few decades, semigroup algebras are studied intensively, see for example, [ Put88| , 
)Okn9l| . |BroOO| . |Ben()l| . fTHM] , [StH], [Sil07] . [Sch08| . [Ste08], lClX09| . |BBBSU| . )DHST11| . 
mm, [ELT5] . 

Semigroup algebras are associative algebras. Looking for a complete system of primitive or¬ 
thogonal idempotents is an important problem in the representation theory of associative alge¬ 
bras. If is a complete system of primitive orthogonal idempotents of a finite dimensional 

algebra A, then 


A^®A ei , (1.1) 

i 

where each Ae* is a indecomposable projective module. They are also used to explicitly compute 
the quiver, the Cartan matrix, and the Wedderburn decomposition of the algebra, see [Bre m- 
Berg, Bergeron, Bhargava and Saliola jBBBSlfj found a complete system of primitive or¬ 
thogonal idempotents of any R-trivial monoid algebra. Denton, Hivert, Schiling and Thiery 
[DHSTlTj gave a construction of a system of primitive orthogonal idempotents for any J-trivial 
monoid algebra. 

Steinberg (Ste06j , }Ste08| studied the arbitrary finite inverse semigroups S and computed the 
primitive central idempotent associated to an irreducible representation of S. Let S' be a finite 
inverse semigroup, where E(S ) is the semilattice of idempotents of S and the maximal subgroup 
at e is denoted by H e for all e £ E(S). Suppose that K is a field such that char(Ii) \ \H e \. Let 
jd be the Mobius function of S and \ an irreducible character of S coming from a P-class D. 
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Then the primitive central idempotents corresponding to x are given by 

e x= Y Y x(s)Y rl ^ s )\ ( L2 ) 

e£E(D) e ' seH e t<s ' 

see Theorem 5.1 in [ Ste06 l. 

In this paper, we construct a complete set of primitive orthogonal idempotents for any finite 
Brandt semigroup algebra. Brandt semigroups are not i?-trivial and in particular, they are not 
J-trivial. Let G denote any finite group with identity e and S = B(G,n ) a Brandt semigroup. 
Suppose that G has r conjugate classes. Then a complete set of primitive orthogonal idempotents 
of C S is (Theorem 13.31) 

\ eij = ^Tg\~ Ys 1 )Cb 3- f) I 1 < * < r , 1 < j < nj. (1.3) 

1 1 1 g&G J 

In general, the primitive orthogonal idempotents are not primitive central idempotents, see 
Remark 13.51 

We apply primitive orthogonal idempotents of Brandt semigroup algebras to study the coding 
theory. 

Abelian codes were defined as the ideals in finite abelian group algebras which were firstly 
introduced by Berman [Ber67a| . [Ber 67b ] and Mac Williams (M ac70] . In general, a group (left) 
code was defined as an (left) ideal in a finite group algebra [ BR.CfiOj . Group code are studied 
intensively in the past few years, see for example, |Mil79] . |Aro 97j, EE99) , [KPOTj . fBR02( . 
(BR03], |SBDR04| . |FM97| . |BRSf)8| . [KAB14| . 

A group code is called minimal if the corresponding ideal is minimal in the set of ideals of the 
group algebra. The papers |Aro97] , [ AP99 1. [ FM07 ] computed the number of simple components 
of a semisimple finite abelian group algebra and determined all cases where this number was 
minimal. This result is used to compute idempotent generators of minimal abelian codes. 

We define a new class of codes called Brandt semigroup codes and obtain the set of mu¬ 
tually orthogonal idempotent generators of minimal Brandt cyclic codes and minimal Brandt 
abelian codes. We also study the supports, Hamming distances, and minimum weights of Brandt 
semigroup codes. 

By using complete sets of primitive orthogonal idempotents, we compute the Cartan matrices 
of some Brandt semigroup algebras. 

The paper is structured as follows. In Section [21 we recall some background information about 
semigroup algebras, finite group characters, and group algebra codes. In Section O we construct 
a complete set of primitive orthogonal idempotents for any finite Brandt semigroup algebra and 
prove our main theorem (Theorem 13.31) given in Section 13.11 In Section HI we give the Cartan 
matrices of some Brandt semigroup algebras. In Section O we define and study a new class of 
codes called Brandt semigroup codes. In Section [6l we give some examples of complete sets of 
primitive orthogonal idempotents of Brandt semigroup algebras. 

2. Preliminaries 

In this section, we recall the definitions of semigroup algebras, Brandt semigroups, a complete 
set of primitive orthogonal idempotents, finite group characters, Schur orthogonality relations, 
Cartan matrices, and group algebra codes. 
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2.1. Semigroup algebras. Let K be a algebraically closed field, (S,-) be a finite semigroup 

with identity element e and A be a it-algebra. The semigroup algebra of S with coefficients in 
A is the A"-vector space AS consisting of all the formal sums ^ g where X g G A, with the 

multiplication defined by the formula 

Q2 X a9) ■ Vhh) = X g p h f. (2.1) 

g&S hes f=gheS 

Then AS is a iv-algebra and the element e = le is the identity of AS, where 1 is the identity 
element of A, see (Okn9lj . If A = I\, then the elements g G S form a basis of KS over K. In 
this paper we study the Brandt semigroup algebra CS, where C is the field of complex numbers. 

2.2. Brandt semigroups. Let G be a group with identity element e, and I, A be nonempty 
sets. Let P = (pxi) be a A x I matrix with entries in the 0-group G° = G U {0}, and suppose 
that P is regular, in the sense that no row or column of P consists entirely of zeros. Formally, 


(Vi € I) (3A G A) p\i / 0, (2.2) 

(VA G A) (3z G T) p\i 7 ^ 0. (2.3) 


Let S = (I x G x A) U {0}, and define a multiplication on S by 

(*, apxjb, n), if p A ; 7 ^ 0 , 
v 0, if P\j = 0, 

(i, a, A)0 = 0(i, a, A) = 00 = 0. 


(i,a,X)(j,b,n) = 


(2.4) 

(2.5) 


Then S is called a completely 0-simple semigroup, see l lowOAi . 

If P = E, is a identity matrix, whose diagonal elements are identity of the group G and I = A. 
Then the semigroup S is called a Brandt semigroup, denoted by B(G,n ), where n = \I\. 


2.3. A complete set of primitive orthogonal idempotents. Let A be a K- algebra with 
an identity (denoted by 1), see 1.4 in (ASS061 . A set of nonzero elements {ej}j 6 / of A is called a 
complete set of primitive orthogonal idempotents for A, if it satifies the following four properties: 

(i) every element e ? ; is idempotent, namely, e* 2 = e* for all i G /; 

(ii) each of the two elements are orthogonal: e^ej = ejet = 0 for all i,j G I with i ^ j\ 

(iii) every element is primitive: e* cannot be written as a sum, that is, if e* = x + y, then 
x = 0 or y = 0, where x and y are orthogonal idempotents in A; 

(iv) the set {ej}j e / is complete: Yli^i e ; = 1- 

Remark 2.1 (Remark 3.2, jBBBSllj l. If { e t } is a maximal set of nonzero elements satisfying 
conditions (i) and (ii), then {ej}j e / is a complete system of primitive orthogonal idempotents 
(that is, (iii) and (iv) also hold). 

2.4. Finite group characters. Let V be a finite dimensional vector space over a field K and 
p : G —>• GL(V) a representation of a group G on V. The character of p is the function 
Xp'.G^K given by 


where Tr is the trace. 


X P (g) = Tr (p{g)) 


( 2 . 6 ) 










4 


YI ZHANG, JIAN-RONG LI, XIAO-SONG PENG, YAN-FENG LUO : 


A character \ p is called irreducible if p is an irreducible representation. The number of 
conjugacy classes of G is equal to the number of irreducible characters of G and equals the 
number of isomorphism classes of irreducible ATG-modules. The degree of the character \ is the 
dimension of p and this is equal to the value y(e), see |Isa76j . 


2.5. Schur orthogonality relations. Schur orthogonality relations, see (Isa76l . express a cen¬ 
tral fact about representations of finite groups. The space of complex valued class functions of 
a finite group G has a natural inner product 

(a, P) = TTTj- a< yS)P(9), (2.7) 

11 <?6G 


where /3(g) is the complex conjugate of the value of /3 on g. 

With respect to this inner product, the irreducible characters form an orthogonal basis for the 
space of class functions, and this yields the orthogonality relation for the rows of the character 
table 


(Xi,Xj) 


0, if i ^ j, 
1, if i = j. 


( 2 . 8 ) 


For g, h € G, the orthogonality relation for columns is as follows 


X^x (g)xih) = if 9,h are conjugate, 

^ |0, otherwise, 


(2.9) 


where \Cc(g)\ denotes the cardinality of the centralizer of g. 


2.6. Cartan Matrices. Let A be a finite dimensional it-algebra with a complete set {ei,..., e n } 
of primitive orthogonal idempotents. The Cartan matrix of A is the n x n matrix, see [ASS06) . 


/ 


C A = 


Cll 


Cl n 


( 2 . 10 ) 


\ C n i • • • C nn J nxn 

where Cji = dim^Hom A(Aej,Aei) = dim^ejAej is called the Cartan invariants of A, for i,j = 

1,... ,n. 

By the definition, we can see that the Cartan matrix is defined with respect to a given complete 
set {ei, e 2 ,..., e n } of primitive orthogonal idempotents of A. We know that 

dAej = Horn A (P(j),P(i)) * Horn A (I(j), I(i)). (2.11) 

Then the Cartan matrix of A records the number of homomorphisms between the indecom¬ 
posable projective A-modules and the number of homomorphisms between the indecomposable 
injective A-modules. 
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2.7. Group algebra codes. Let G be a finite group, and let I\ be an arbitrary field such that 
char(AT) { |G| or char(it) = 0. The group algebra KG of the group G over the field K is defined 
as the algebra over the field K consisting of all possible linear combinations 

a = a g g, where a g € K. (2-12) 

g eG 

Any ideal V of the algebra KG is called a G-code. If the group G is abelian, the G-code V is 
abelian. Cyclic (n, fc)-codes over the field K are in one to one correspondence with the ideals of 
the factor ring 

A = K[x]/J, (2.13) 

where J = ( x n — 1) is the principal ideal, see [Ber67bj . 

Let a = Yl g &G a g9i Z 3 = J2 g eG^g9- Th en 

a = (3 if and only if a g = (3 g , (2-14) 

for all g € G. 

The support of an element a £ KG is the set of elements of G effectively appearing in a 

supp(cr) = {g e G \ a g ^ 0}. (2-15) 

Given a = J2 g ^G a g9 *= KG. the number of elements in its support is called the weight of a, 
namely 

u(a) = \{g \ a g ^ 0}\. (2.16) 

3. A Complete Set of Primitive Orthogonal Idempotents for B(G,n) 

In this section, we compute a complete set of the primitive orthogonal idempotents of any 
finite Brandt semigroup algebra. 

3.1. Constructing primitive orthogonal idempotents. Suppose that G is any finite group 
with identity e and has r conjugacy classes. Let S = B(G,?i) be a finite Brandt semigroup and 
Xi an irreducible complex character of G. For 1 < i < r , 1 < j < n , we define 

= HTTP (3- 1 ) 

' ' geG 

We note that the element Y^i=i (®> e i *) is the identity of Brandt semigroup algebra C S, denoted 
byl. 

Lemma 3.1 (Corollary 2.7, |Isa76 j). Let G be a finite group with the identity e and Irr(G) 
the set of all irreducible complex character of G. Then |Irr(G)| equals the number of conjugacy 
classes of G and 

E *(e) 2 = |G|. (3.2) 

XGlrr(G) 

By Schur orthogonality relations, we have the following lemma. 
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Lemma 3.2 (Theorem 2.13, [Isa76j ). Let G be a finite group with the identity e and Xi an 
irreducible complex character of G. Then the following holds for every h £ G, 


where 


p£x.(9fc)x, or 1 ) = 


1 *f * = j, 
0 if i / j. 


(3.3) 


(3.4) 


Our first main result is the following theorem. 


Theorem 3.3. Let G denote any finite group with identity e and S = B(G,n ) a Brandt semi¬ 
group. Suppose that G has r conjugacy classes. Then the elements 

eij = ( 3 - 5 ) 

1 1 g&G 

where 1 < i < r, 1 < j < n, form a complete set of primitive orthogonal idempotents of the 
Brandt semigroup algebra C S. 


Proof. Firstly, we prove the set {eij}i<j< r) i<j<n is complete. 

Since G has r conjugacy classes, G has r irreducible representations. For any 1 < j < n, we 
have 


= i7fYY Xj.( e )'Xi(g 

i=1 ' ' 1=1 g&G 

= 7777 X]xi(e)(xi(e _1 )(j,e,j) + X Xi(0 -1 )(j\ 9,j)) 

1 1 <=1 9GG\{e} 

1 r 1 r 

= TQ\'52xi(e)Xi(e~ 1 )U,e,j) + X Y Xi ^ Xi ^ 9 

1 1 i =1 5 eG\{e} i= 1 

Obviously, e and g € G\{e} are not conjugate. According to Schur orthogonality relations (12.911 . 
we have 

r 

Y xi ^ xi ^ = °’ 

i— 1 


where g/e. 
Hence 


X^(e)Xi(3 1 ) = 0. 

Z— 1 


X e b' = 7777 5Z Xi(e)x»(e —1 )C7> e » j) 

t=l I I i=l 


1 


X^4(e)) 2 0',e,j). 

Z=1 


Thus 
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By Lemma I3.1L we have 


Then 


Thus 


£ta(e)) 2 = |G|. 

2=1 


Y^ = 

2=1 


n r 


Y Y e u 


e.i) = 1 

i=i 


Secondly, we prove that the elements of {ejj}i<j< r) i<j<n are pairwise orthogonal. For any 
3 1 / J 2 , 1 < ji,32 <n, 1 < n,i 2 < T’, 


Xii (e) 


e hji e i 2 j2 \ i/~fi 

I I 3'SG 

= 0. 

For any j\ = j 2 , i\ / i 2 , 

Xii (e) 


X]xu(s' 1 )(ji»5 / 5 Ji) 


X» 2 (e) 

|G| 


Y Xi ^ 9 1 )(h,g,j2) 


geG 


e *lji e *2j2 1 |/-f| 

' ' 9 ' 6 G 


Y Xi ^ 9 ' 


Xi 2 ( e ) 

|G| 


Y Xi ^ 9 1 )(h,9,32) 


g&G 


Xii(e)Xt 2 ( e ) 

|G|2 

Xii(e)Xi 2 (e) 

|G | 2 


^Xii(s' ^XiaCs Ji) 


g'&Gg&G 


Y Y Xi ) x ^ 2 (s 1 ){3i,g' , Ji)- 


g"&Gg&G 


By Lemma 13.21 


Y Xi ^ 99 " X )xi 2 (S 1 )=^: 

g€G 


XnW'- 1 ) 

1 Xii(e) 


Then, for any L ^ z 2 , 


(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 


^iiji^iaji — 6. (3.12) 

Hence, the elements of {ejj}i<i<r, i<j<n are pairwise orthogonal. 

In the following, we prove that each element of {er,}i<j< r , i<j< n is idempotent. Let e s t be 
any element of the set {er,}i<j< r , i<j< n , where 1 < s < r, 1 <t <n. Then 


n r 

Est — E s t ( ^ ^ ^ ^ Ejj ) — Gs/ 1 — E s t- 
j =1 i =1 


(3.13) 
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Finally, we prove that each element of {eij}i<i<r, i<j< n is primitive. Suppose that / € C S, 
f 2 = f, f 7 ^ o, / ^ {eij}i<i<r, 1 <j<n, and / is orthogonal to every e^, 1 < i < r , 1 < j < n. 
Then 

n r 

/ = / 1 = /(EE^) = 0 - ( 3 - 14 ) 

j= i *=i 

This contradicts the assumption that / ^ 0. Therefore {ey}i<i<r, i<j< n is a maximal set of 
nonzero elements satisfying conditions (i) and (ii) in Section 12.31 By Remark 12.11 each element 
°f { eij}i<i < r , l <j<n is primitive. □ 

Corollary 3.4. Let G = (a \ a k = e) be a finite cyclic group and S a Brandt semigroup with 
|A| = |/| = n. Then for l < p < k, 0 < q < n — 1, the elements 


e p+qk{n+l ) = ^E W JP (9 + 1 ) aJ )9 + 1 ), (3-15) 

3 =1 

where a; = e“, * = \/—T. /orm a complete set of primitive orthogonal idempotents of the Brandt 
semigroup algebra C S. 

Proof. This follows directly from Theorem 13.31 □ 


Remark 3.5. Let S = B(G,n ) be a finite Brandt semigroup. If n = 1, the primitive orthogonal 
idempotents ofCS are precisely primitive central idempotents. Ifn> 2, in general, the primitive 
orthogonal idempotents are not primitive central idempotents. We can see the following example. 
Let G = {e}, I = {1, 2}. Then we have the Brandt semigroup 

S = B 2 = (a, b \ a 2 = b 2 = 0, aba = a, bab = b). 


We also have the identity 


By Theorem \d. 4 


the elements 


2 

1 = E(w)- 

i— 1 


ei = (l,e, 1), e 4 = (2, e, 2) 


form a complete set of primitive orthogonal idempotents in the semigroup algebra C S. 
Let C S = {Xa=i ki s i I fa € C, s* € S'}. Then we have 

eiCS = {fci(l,e, 1) + fc 2 (l, e, 2) | k\,k 2 G C}, 

CS'ei = {fci(1,e, 1) +fc 3 (2, e, 1) | k\,k 2 G C}. 

Obviously, 


dCSfiCSd. 

Then the primitive orthogonal idempotents are not primitive central idempotents in the semigroup 
algebra C S. 
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4. The Cartan Matrices of some Brandt semigroup algebras 

In this section, we compute the Cartan matrices of some Brandt semigroup algebras. 
We have the following theorems. 

Theorem 4.1. The Cartan matrix of the Brandt semigroup algebra CB({e},n) is 


C C B({e},n) 


f 1 

1 •• 

• M 

1 

1 •• 

• 1 

V 1 

1 •• 

• l ) 


(4.1) 


Proof. By Corollarv l3.4l a complete set of primitive orthogonal idempotents of Brandt semigroup 
algebra C B({e},n) is 

{ej = {i,e,i) | 1 < i < n}. 

For any 1 < A, /r < n, we have 

s n n 

C B({e},n) = EE /c A/i (A,e,/x) | kx^ € C 

*>=1 A=1 


Hence 


CB({e}, n)ei 


EE k\n(X,e,fj,)(l,e, 1) | k Xfl € C 

M=1 A=1 

^/c A i(A,e,l) | k\i € C 

A=1 


Therefore, for any 1 < i < n, 


Thus 


ei<CB({e},n)ei 


kn(i,e, 1) | kn G C 


dime e*CB({e}, n)ei = 1. 
By a similar argument, for any 1 < i. j < n, 

dime eiCB({e},n)ej = 1. 


□ 


Theorem 4.2. Let G 2 = (a \ a 2 = e) be a cyclic group. Then the Cartan matrix of the Brandt 
semigroup algebra CB(G 2 ,n) is 


Cc B(G 2 ,n) 


( E 

E •• 

• E \ 

E 

E •• 

• E 

\ E 

E •• 

• E ) 


(4.2) 


where E is the identity matrix of order 2. 
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Proof. By Corollarv l3.4l a complete set of primitive orthogonal idempotents of Brandt semigroup 
algebra CB(G 2 ,n) is 


where 


{e 2 i-i,e 2 i | 1 < i < n}, 


e 2 i-! = e 2i = 


For any 1 < A, p < n, we have 


Hence 


n n 2 

C B(G 2 ,n) = IEEE k\j, fjj) | G C 

- A=1 fi=l j= i 


fl n 2 

CB(G 2 , n)e\ = < - EE 1)((1,e, 1) - (l,o, 1)) | k Xj i € C 

** " A=1 j=l 

= {\ y^(feA 2 i - fcAii)((A, e, 1) - (A, a, 1)) | k X u, k\ 2 i € c|. (4.5) 


Therefore, for any 1 < i < n, 


e 2i CB(G 2 ,n)ei = 0, 


Thus 


dime e 2i -iCB(G 2 ,n)ei = 1, dime e 2i CB(G 2 ,n)ei = 0. 
Similarly, for any 1 < i,j < n, 

dime e 2 i-iCB(G 2 ,n)e 2 j-i = 1, dim c e 2i CB(G 2 ,n)e 2 j-i = 0. 
By a similar argument, for any 1 < i,j < n, 

dime e 2 i-iCB(G 2 ,n)e 2 j = 0, dime e 2i CB(G 2 ,n)e 2 j = 1. 


(4.3) 


(4.6) 


e 2i _iCB(G 2 ,n)ei = j^(fc i2 i - km)((i,e, 1) - (i,a, 1)) | k in ,ki 21 £ c|. (4.7) 


(4.8) 

(4.9) 

(4.10) 

□ 


Theorem 4.3. Let G = (a \ a k = e, k > 3) be a cyclic group. Then the Cartan matrix of the 
Brandt semigroup algebra C B(G,n) is 


'C B(G,n) 


where E is the identity matrix of order k. 


( kE 

kE •• 

• kE \ 

kE 

kE ■■ 

■ kE 

v kE 

kE •• 

■ kE j 


(4.11) 


knxkn 
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Proof. By Corollarv l3.4l a complete set of primitive orthogonal idempotents of Brandt semigroup 
algebra C B(G,n) is 



u jp (q+ 1 ,a?,q+ 1) 


1 < p < k,0 < q < n — 1 


(4.12) 


We list all them by the following matrix: 


' e i = iELiW c k = l Zj-i * J ( 2 >ab 2 ) 

e 2 = i Zj=i aP 1) e.k+2 = i ZU aJ ’ 2 ) 


e ( „_i )fe+1 = \ E| = i u J (n,aPn) ^ 
e(n-i)fe+2 = iEy=i w _2j (n,cd,n) 


V e fc = iEj= 1 ^ kj (l,a\l) e 2 k = iZj= 1 “ fcj (2,ab2) 


e„fc = £ Ej=iw ( n,a?,n ) y 




For any 1 < A, [i < n, we have 


CB(G,n) 


EEE k\j/j, (A, j m) 


k\jfi € C 


A=1 m= 1 i=l 


Hence 


s ^ n k k 

CB(G, n)e\ = i - ^ ^ &Aji(E a?, 1) ^ uT^l, </, 1) | € C 

^ A=i j=i j'=i 

f 1 n 

= | T ((^Aii + fc A 2i^ ^ ^ + k\3iuj *■ k 2 ) + • • • + k\kiio 1 )(A,a, 1) 
^ K A=1 

+ (/cahw 1 + A;a21 + k\3iuj ^ k ^ + ■ ■ ■ + k\kito 2 )(A,a 2 ,l) 

+ ■■■ 


+ (^aiiw ^ ^ + k\ 2 \u ^ + • • • + k\ki)(X, e, 1)) | k\ji € C 
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Therefore 

^2 + k22iu~ (k ~ 2) H-f fe 2 fci) 

+ cj 2 (A:2iiw ^ k 2 ^ + k 22 iuj 3 ^ + • • • + k 2 k\uj ^ 1 - ) ) 

+ ••• 

+ cj k (k 2 u + k 22 iuj ( k ^ + • • • + k 2 kiOJ 1 ))(2,a, 1) 

+ (u 1 (k 2 n + k 22 i(jj ^ k ^ + • • • + k 2 kicu 3 ) 

+ to 2 (k 2 nisJ ^ + k 22 \io k + • • • + k 2k \) 

+ ■■■ 

+ cj k (k 2 uco 1 + &221 + • • • + k 2k \LO ^))(2,a 2 ,l) 

+ (u}~\k 2 u0J-( k -y + fe 22 iw- (fc - 3) + • • • + k 2kl oj-( k ~V) 

T oj 2 {k 2 uU) k ^ + k 22 iu (' k ^ + ■ ■ ■ + k 2 kiUJ ^ 2 ' ) ) 

+ ••• 


e k+ iCB(G,n)e 1 = 


+ uj k (k 2 uuj ( k + k 22 iio ^ 2 ) + • • • + k 2k \j) (2, e, 1)^ | A; 2 ji G 

= I ^ ^(^ 2 ii + k 22 \LO ^ k ^ + k 2 3 iiu k 2 ^ + • • • + k 2k \LO 1 )(2,a, 1) 
+ (^211^ 1 + ^221 + &231 w ^ ^ + • • • + k 2k iUJ 2 )(2,a 2 ,l) 


+ (^ 211 ^ ^ ^ + k 22 iu> k + • • • + k 2k i)(2, e, 1) | k 2 ji € C^ j^, 


e 2 CB(G, 7j)ei — / (1 + c v 3 + uj 2 + • • • + c v ^ k ^ ^ /ciji(l, a J , 1) | k\j\ £ c\ 

^ i =i 

= 0 . 

Similarly, for any 0 < q < n — 1, 

e g fc+iC_B(G,n)ei = | —^(fc( g+1 ) n + fc( 9+1 )2iw (fc ^ + fc( g +i) 31 a> ^ ^ + • ■ ■ + k 2k iu 1 )(fj r + l,a, 
+ (^(9+1)11^ 1 + ^(9+1)21 + &(g+i) 3 i w (fc X) + ■ ■ ■ + fc(9 + i)*.iu; 2 )(q + 1, a 2 , 1) 

+ (^(9+1)11^ ^ ^ + fyg+l)21 w ^ ^ + " ' + k( q+ l)kl)(q + l; e ; 1) I fyg+l)jl ^ ^ 

For any 0 < q < n — 1, 2 < l < k, 


e qk+ i<CB{G,n)ei = 0. 
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Thus, for any k > 3, 

dim c e qk+ iCB(G,n)ei = k, dim c e qk+ iCB(G 2 , n)ei = 0. 

The other cases are similar. □ 


5. Brandt semigroup Codes 

In this section, we introduce a new class of codes called Brandt semigroup codes, and study 
the supports, Hamming distances, and minimum weights of Brandt semigroup codes. 

We introduce a new class of codes called Brandt semigroup codes as follows. 

Definition 5.1. Let S = B(G,n ) be a Brandt semigroup. Then a Brandt semigroup algebra 
code C in C S, or a Brandt semigroup code for short, is a one side ideal of C S. A code C is 
called a Brandt abelian code if the finite group G is a abelian group and the index n = {1}. 
Otherwise, the code C is called a Brandt non-abelian code. 

Definition 5.2. Let C\ = T,(j, g ,j)eS a (j,g,j)(L 9,j) € C S, C 2 = T,(j, g ,j)es P(j,g,j)(.L9, j) € C S, 
where a (j,g,j)> P(j, g ,j) € C, be two Brandt semigroup codes. Then the number of the two elements 
of the support in which the coefficients differ is called the Hamming distance of C\ and C 2 , 
namely, 

d(C \, C 2 ) I a (j,g,j) fi(j,g,j) ■ 0* ■ d ■ .'i ) ^ '-’j’l' (5T) 

For a code C of CS, we define the minimum weight of C as: 

oj{C) = min{u;(a) | a € C, a 0}. (5-2) 

Theorem 5.3. Let S = B(G, 1) be a finite Brandt semigroup and G = (a | a k = e) a finite 
cyclic group. Then 

|e p = a- 7 ,1) | 1 < p < k, u = e~ j> (5-3) 

is a set of mutually orthogonal idempotent generators of minimal Brandt cyclic codes ofCB(G, 1). 
Let G be a finite abelian group with identity e of conjugate classes r. Then 

jea = I 1 < i< rj (5.4) 

is a set of mutually orthogonal idempotent generators of minimal Brandt abelian codes ofCB(G, 1). 

Proof. This result follows from Theorem 13.31 in Section [3] and Theorem 2 in |Sab93| . □ 

Lemma 5.4 (Theorem 2.5.11, [MS02| 1. Let A = 0■ =1 Ai be a decomposition of a semisimple 
algebra as a direct sum of minimal left ideals. Then, there exists a family of elements {ei,..., e*} 
which consist a complete set of primitive orthogonal idempotents of A. 

Conversely, if there exists a family of idempotents {ei,..., et} satisfying the four properties 
of the Definition \2.Sl then the left ideals Ai = Aei are minimal and A = ®* =1 A t . 

Theorem 5.5. Let S = B(G,n ) be a finite Brandt semigroup. Suppose that n > 2 and {e^ | 

\ < i < r,l < j < nj is a complete set of primitive orthogonal idempotents ofCS. Then {C Seij \ 

1 < i < r, 1 < j < n} are minimal Brandt non-abelian codes. 
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Proof. By Corollary 4.5 in [Ste06j . the Brandt semigroup algebra C S is semisimple. By Lemma 
15.41 and Definition 15.11 CSeij, 1 < i < r, 1 < j < n, are minimal Brandt non-abelian codes. □ 

Proposition 5.6 (Theorem 2.5.10, [MS02| L Let S be a finite Brandt semigroup. Then every 
left ideal L of C S is of the form L = CSe, where e € C S is an idempotent. 

Lemma 5.7 (Proposition 4.5, [ASS06] ). Let B = A/radA, where A is a K-algebra. Then every 
left ideal I of B is a direct sum of simple right ideals of the form Be, where e is a primitive 
idempotent of B. 

Theorem 5.8. Let S be a finite Brandt semigroup. Then every Brandt semigroup code C of 
C S is a direct sum of minimal Brandt semigroup codes of the form C Se, where e is a primitive 
idempotent ofCS. 

Proof. This follows directly from Lemma 15.71 □ 


We are mostly interseted in that how to get all Brandt semigroup codes by a complete set of 
primitive orthogonal idempotents of C S. Using the basic group table matrix of G, W. S. Park 
|Par97] found all the idempotents of the group algebra KG, where K is a algebraically closed 
field of characteristic 0 and G is a cyclic group of order n. Suppose that the index set of Brandt 
semigroup S is trivial, then we can get all the Brandt semigroup codes by a complete set of 
primitive orthogonal idempotents of C S. 

Theorem 5.9. Let S = B{G, 1) be a finite Brandt semigroup and G a cyclic group of order n. 
Then every Brandt semigroup code C of CS is a direct sum of minimal Brandt semigroup codes 
of the form CSen, where {eji}i<i<n is a complete set of primitive orthogonal idempotents of 
CS. 

Proof. By Theorem 3.1 in [Par97j . if ro = 1/n, the idempotents r j (1 ■ t/ 5 • 1) are precisely 

form a complete set of primitive orthogonal idempotents of CS which are denoted en , where 
1 < i < n. Then CSen are all minimal Brandt semigroup codes. Since all the other idempotents 
can be represented by en, 1 < i < n, by combination. Then every Brandt semigroup code C of 
CS is a direct sum of some minimal Brandt semigroup codes. □ 

Example 5.10. Let G 4 = (a | a 4 = e) be a cyclic group, A = I = {1}, and S = B{G±, 1) a 
Brandt semigroup. Then the elements 

en = ^((l,e,l) + (l,o,l) + (1, a 2 ,1) + (l,a 3 ,l)), 
e 2 i = ^((l,e, 1) - (l,a, 1) + (l,o 2 ,1) - (1,a 3 ,1)), 
e 3 i = ^((l,e,l) + i(l,a, 1) - (1,a 2 ,1) -i(l,a 3 ,l)), 
e 4 i = ^((l,e,l) — i(l,a, 1) - (l,a 2 ,l) +i(l,a 3 ,l)), 
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form a complete set of primitive orthogonal idempotents ofCS. The following codes 


Ciooo = CSen = 
Coioo = CSe 3 i = 
Cooio = CSe 2 i = 
Coooi = CSe4i = 


h + fc 2 + + ki 


k\ - k-2 + ks - k± 


((l,e, 1) + (l,o, 1) + (1, a 2 , 1) + (1, a 3 , 1)) | fci,fc 2 ,fc 3 ,fc 4 e c|, 
((1,e, 1) - (l,o,l) + (1,a 2 ,1) - (1,a 3 ,1)) | fci,fc 2 ,fc 3 ,fc 4 e c|, 


ki - fc 2 i- k 3 + fc 4 i,, . . 2 , fcii + fc 2 - fc 3 i - fc 4 ,, , n 3l ,\,, , , , 

- j -(( 1 , e, 1 ) - (l.o , 1 )) +---((l,a,l) - (l,a , 1 )) | fci,fc 2 ,fc 3 ,fc 4 6C , 


ki + fc 2 i — k 3 — fc 4 i 


((l,e,l)-(l,o 2 ,l)) - 


fc 4 i — fc 2 — fc 3 i + fc 4 


((l,a,l) - (1, a 3 ,1)) | fci,fc 2 ,fc 3 ,fc 4 £ <cj, 


are minimal Brandt cyclic codes, where C S = (Xa=i ^i s i I hi € C, Si € 5}. We list all the Brandt 
cyclic codes ofCS and their dimensions and weights in TableUl In TableUl Cbootu Ciooo? Coioo > 
Cooio, Coooi are minimal Brandt cyclic codes and Cnoo, C 00 n, Cioio, Ciooi, C 0 uo, C 0 ion C mo , 
Cnoi, Cion, Com, Cun are non-minimal Brandt cyclic codes. 


Brandt semigroup code 

Dimension 

Minimum weight 

Coooo = 0 

0 

0 

Ciooo = {*i±'a±*s±*i((l, e , 1 ) + ( 1 , a , 1 ) + ( 1 , a 2 , 1 ) + ( 1 , a 3 , 1 )) | fc lt fc, * 3 , fc 4 e C} 

3 

4 

Coioo = {*=*p=*{(l,e,l) - ( 1 ,a, 1 ) + (l,a 2 ,l) - (l,a 3 ,l)) | hM,kaM G C} 

3 

4 

C 0010 = - (l,a 2 ,l)) + ™i“((l,a,l) - (l,a 3 ,l)) | h,k 2 ,k 3 ,h e C} 

2 

4 

Coooi = e ; i) (l,a 2 ,l)) - ^-W( (1;Q;1) | kuhMM € C} 

2 

4 

Cnoo = {^(( 1 ,e, 1 ) + ( 1 ,a 2 , 1 )) + ^(( 1 ,a, 1 ) + ( 1 , a 3 , 1 )) | fci,fcj, fc 3 ,h £ C} 

2 

4 

Coon = {^((l,e,l) - (l,a 2 ,l)) + ^(( 1 , 0 , 1 ) - (l,a 3 ,l)) | k h k 2 ,k 3 ,h 6 C} 

2 

4 

2fc 4 + (l-i)fc 2 + (l+i)fc 4 ^ c | 2fc 2 + ( 1_i ) fc 3 + ( 1 + i ) fc l a 1) | 

ClOlO = 2fcg-Kl-i)fc 4 +(l+i)4 (1 a 2 1 )+ 2 fc 4 + a-i)fcl+tl+i)% (l a 3,l ) |fc 1 ,fc 2 ,il i 3 ,)fc 4eC } 

4 

4 

^ 1 +(i+i)fe 2 +(i-i)fc 4 ^ 1 c ^ ! 12 Ib 2 +( 1 +i)(i—i>*! (x a x) | 

ClOOl = ^+(l+i>; 4 +( 1 -i)4 (1|a 2 il)+ 4V(lU)h+(l- i )% (l!a 3 1)|h ; 2) , 3 , ;4eC} 

4 

4 

j- 2 k 1 + ( 1 —i)fc 2 —( 1 —i)fe 4 ^ c i) | 2 fc 2 -(l+i)fc 3 -(l-i)fe 1 ^ a i) | 

C°UO = 2*3-( 1 + i );4-(l-i)4 (lig 2 |1)+ 2*4-(l+i); 1 -(l-0*3( 1 , a 3 il)|fcl ^ 3ii;3ifc4 6 C} 

4 

4 

[ 2 *1 —( 1 —i)fe 2 —(l+i)fe 4 ^ c ^ | 2 fc 2 -(l-i)fc 3 -(l+i)fc 1 ^x a 1 ) | 

CoiOl = 2 * 3 -(l-l)j 4 -(l+i) 4 l(lia a ) 1 )+ 2 » ! 4 -( 1 -i)*l-(l+if* 3 (l i 0 3 i m fclifc2>fc3|fc4eC} 

4 

4 

[3*1 -ifc 2 +*3+ifc 4 (1 c 1) I 3«2 -i*3+*4+i*1 ^ a 1) 

Cl 11 ° = 3t3-ifc4+fenit2 ( 1 4 |a 2 4 )+ 3fc4-iU+fe2Ufe 3 ' 1 |a 3 4)|fcifc2fc3ifc4eC} 

4 

4 

j-3/c n +ifc 2 +fc 3 -ifc 4 (X C 1 ) | 3 *2+i*3+fe4-ifel ^ a 1 ) 

CllOl = 3fe3+ifc4+fci^ifc 2(: ^ a 2 1 )+ 3fc4+ifcl+fe2-ifc3 (r.a. 3 ,!)|,fc 2 ,fc 3 ,fc 4 SC} 

4 

4 

[ 3fc 1 +fe 2 -fc 3 +fe 4 [X C 1) | afe 2+ /c 3 _fc 4+ fe l ^ a 1) 

ClOll = 3 t 3 + fc 4 -fc 1+t 2 ( 1 ^2 | 1 )+ 3*4+* 1 -*2+*3 

4 

4 

— ( 1 ,e, 1 )+ a * ! 2 “ fc 3 “* s 4-*i ( l o l ) 

0111 “ 3 t 3- fc 4-U-*2( lia 2 1 ) + 3fc 4 -U~fc2-*’3 (l,a 3 ,l)|fci,fc 2 ,fe 3 ,^ 4 eC} 

4 

4 

Cun = CS 

4 

4 


Table 1 . Brandt semigroup codes in CB{G±, 1). 


If the index set of Brandt semigroup S is not trivial, the complete set of primitive orthogonal 
idempotents of CS is not unique, we may not get all the idempotents by a complete set of 
primitive orthogonal idempotents of CS by combination. See the following example. 
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Example 5.11. Let G 2 = {a \ a 2 = e ) be a cyclic group, A = / = {1,2}, and S = B(G2,2 ) 
Brandt semigroup. By Corollary \3.f\ the elements 


k 

e i = ^X]w“ J (l,a J ,l) = 7 ^( 1 , e, 1 ) - 7 ^( 1 , a, 1 ), 
j =1 

1) = 1(1, e, 1) + 1(1, a, 1), 

3 = 1 
A; 

e 3 = ^w-J(2,oJ,2) = |(2,e, 2) - |(2, a, 2), 

3 = 1 
k 

e4 = \Y J U- 2j (2, a \2) = i(2,e,2) + i(2,a,2), 


l=i 

/orm a complete set of primitive orthogonal idempotents ofCS. The following codes 
C1000 = CS'ei = (-L_— ^((l,e, 1 ) - (l,a, 1 )) + — ((2, e, 1 ) - (2, a, 1 )) | k 1 ,k 2 ,k 3 ,k 4 € C 


C0100 = CSe 2 = 
C 0010 = CSe 3 = 


2 

fci + k 2 
2 

- fc 6 


((l,e, 1) + (1, a, 1)) + + fc4 (( 2 , e , 1) + (2, a, 1)) | k 4 ,k 2 ,k 3 ,k 4 € C 
((1, e, 2) - (1, a, 2)) + ((2, e, 2) - (2, a, 2)) | fc 5 , fc 6 , hr, k 8 € C 


C 0001 = CSe 4 = <{ ((1, e, 2) + (1, a, 2)) + ((2, e, 2) + (2, a, 2)) | k 5 ,k 6 , k 7 , k s € C 


are minimal Brandt non-abelian codes, where CS = {)T)- =1 kiSi \ ki € C,Sj E S'}. the can easily 
check that the element e z = (1, e, 1) + z( 2, e, 1) + 2 ( 2 , a, 1) is a idempotent of CS, where z € C. 
However, 


CSe z = (ki + /C 52 ; + fe 6 z)(l,e, 1) + (k 2 + k 5 z + k 6 z)(l,a, 1) 
+ (k 3 + k 7 z + k 8 z) (2, e, 1) + (fc 4 + £ 72 : + k 8 z)(2, a, 1) 


(5.5) 

(5.6) 


can not be written as a direct sum of minimal Brandt semigroup codes. 


6. Examples of primitive orthogonal idempotents of Brandt semigroup algebras 

In this section, we give some examples of complete sets of primitive orthogonal idempotents 
of Brandt semigroup algebras. 
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6.1. Example 1. Let G 3 = (a \ a 3 = e) be a cyclic group and A = I = {2}. Then the elements 

3 

d = = i(l,e, 1) + ^(l,o,l) + ^(l,a 2 ,l), (6.1) 

1= 1 

1) = 5(1.e, 1) - (| - ^)(1,«, 1) - (1 + ^)(l,o 2 ,1). (6.2) 

3 = 1 

e 3 = ^^w" J (l,a J ,l) = ^(l,e,l) - (^ + ^p)(LM) - - ^)(l,a 2 ,l), ( 6 . 3 ) 

3 = 1 
3 

e 4 = ^^'(2,^,2) = i(2,e,2) + i(2,a,2) + i(2,a 2 ,2), (6.4) 

l=i 

es = = 1(2,e, 2) - (1 - K|i)(2,o,2) - 4 + ^A)(2,a 2 ,2), (6.5) 

1 = 1 

e « = jE“TV,2) = 1(2,e,2) - (1 + —)(2,a,2) - (1 - ^)(2,a 2 ,2), (6.6) 

1 = 1 

where w = e~ = cos ^ + isin^, i = \f— 1, form a complete set of primitive orthogonal 
idempotents of CB(Gs, 1). 

6.2. Example 2. Let G = (a) x (6) = C 2 x C 2 be an abelian group of order 4. The character 
table of G is as follows. 


Table 2. 


G 

e 

a 

b 

ab 

Xi 

T~ 

1 

1 

1 

X2 

T~ 

-1 

1 

-1 

X 3 

1 

1 

-1 

-1 

X4 

~r 

-1 

-1 

1 


Character tab’ 


.e of 


abelian group G. 


Let A = I = {1}. Then the Brandt semigroup algebra C B(G, 1) has four primitive orthogonal 
idempotents: 

en = ^((l,e, 1) + (l,a, 1) + (1,6,1) + (l,a&, 1)), 

e 2 i = ^((!,e, 1) - (1,a, 1) + (1,6,1) - (l,a&, 1)), 

e 3i = ^((!,e, 1) + (1,a, 1) - (1,6,1) - (l,a&, 1)), 

e 4 i = i((l,e, 1) - (1, a, 1) - (1,6,1) + (l,a&, !))• 
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6.3. Example 3. Let G = S 3 . This group has 6 elements: 

1,(12), (13), (23), (123), (132), 

-V-V- 

where means the elements are conjugate. There are three conjugacy classes. 
Next, we have the character table of S 3 . 


S 3 

1 

(12) 

(123) 

Xi 

1 

1 

1 

X2 

1 

-1 

1 

X 3 

2 

0 

-1 


Table 3. Character table of S 3 . 


(6.7) 


Let A = I = {1,2}. Then the Brandt semigroup algebra CB(S3,2) has six primitive orthog¬ 
onal idempotents: 

e n = |((1,1,1) + (1, (123), 1) + (1, (132), 1) + (1, (12), 1) + (1, (13), 1) + (1, (23), 1)), 

e 21 = ^((1,1,1) + (1, (123), 1) + (1, (132), 1) - (1, (12), 1) - (1, (13), 1) - (1, (23), 1)), 

e 3 i = ^(2 2 (1,1,1) - 2(1, (123), 1) - 2(1, (132), 1)), 

e 12 = i ((2,1,2) + (2, (123), 2) + (2, (132), 2) + (2, (12), 2) + (2, (13), 2) + (2, (23), 2)), 

e 22 = 1 ((2,1, 2) + (2, (123), 2) + (2, (132), 2) - (2, (12), 2) - (2, (13), 2) - (2, (23), 2)), 

e 32 = ^ (2 2 (2,1, 2) - 2(2, (123), 2) - 2(2, (132), 2)). 

These primitive orthogonal idempotents are obtained from Theorem 13.31 For example, 
e .31 = ^(xsCQ-Hl, L 1) + x 3 (123)- 1 (1, (123), 1) + xs(132)- 1 (l, (132), 1)) 

= i(2 2 (1,1,1) - 2(1, (123), 1) - 2(1, (132), 1)). 


Acknowledgement 

The authors are supported by the National Natural Science Foundation of China (no. 11371177, 
11501267, 11401275), and the Fundamental Research Funds for the Central Universities of China 
(no. lzujbky-2015-78). 


References 

[Aro97] S. K. Arora, Minimal codes of prime power length, Finite Fields Appl. 3 (1997), no. 2, 99-113. 

[AP99] S. K. Arora, M. Pruthi, Minimal cyclic codes of length 2 p n , Finite Fields Appl. 5 (1999), no. 2, 

177-187. 

[ASS06] I. Assem, D. Simson, A. Skowronski, Elements of the Representation Theory of Associative Algebras, 
Volume. 1. Techniques of Representation Theory, Cambridge University Press, Cambridge, 65 (2006). 












PRIMITIVE ORTHOGONAL IDEMPOTENTS AND BRANDT SEMIGROUP CODES 


19 


[Ber67a] 

[Ber67b] 

[BroOO] 

[Brell] 

[BR02] 

[BR03] 

[BRC60] 

[BRS08] 

[BBBS11] 

[DHST11] 

[EL 15] 

[FM07] 

[GX09] 

[How95] 

[Isa76] 

[JO06] 

[KP01] 

[KAB14] 

[Mac70] 

[Mil79] 

[MS02] 

[MS 12] 

[Okn91] 

[Par97] 

[Put88] 

[RenOl] 

[Sab93] 

[SteOG] 

[Sal07] 


S. D. Berman, On the theory of group codes , Kibernetika (Kiev) (1967), no. 1, 31-39 (Russian); 
translated as Cybernetics 3 (1969), no. 1, 25-31. 

S. D. Berman, Semisimple cyclic and abelian codes II, Kibernetika (Kiev) (1967), no. 3, 21-30 (Rus¬ 
sian); translated as Cybernetics 3 (1970), no. 3, 17-23. 

K. S. Brown, Semigroups, rings, and Markov chains, J. Theoret. Probab. 13 (2000), no. 3, 871-938. 
M. R. Bremner, How to compute the Wedderburn decomposition of a finite-dimensional associative 
algebra, Groups Complex. Cryptol. 3 (2011), no. 1, 47-66. 

G. K. Bakshi, M. Raka, Minimal cyclic codes of length 2 m , Ranchi Univ. Math. J. 33 (2002), 1-18. 
G. K. Bakshi, M. Raka, Minimal cyclic codes of length p n q, Finite Fields Appl. 9 (2003), no. 4, 
432-448. 

R. C. Bose, D. K. Ray-Chaudhuri, On a class of error correcting binary qroup codes, Information and 
Control 3 (I960) 68-79. 

G. K. Bakshi, M. Raka, A. Sharma, Idempotent generators of Irreducible Cyclic Codes, Number Theory 
and Discrete Geometry, RMS. Lee. Notes Ser. 6 (2008), 13-18. 

C. Berg, N. Bergeron, S. Bhargava, F. Saliola, Primitive orthogonal idempotents for R-trivial monoids, 
J. Algebra. 348 (2011), 446-461. 

T. Denton, F. Hivert, A. Schiling, N. M. Thiery, On the representation theory of finite J-trivial 
monoids, Seminaire Lotharingien de Combinatoire 64 (2011), Article B64d. 

M. Essmaili, J. Laali, Hereditary properties of character injectivity with applications to semigroup 
algebras, Ann. Funct. Anal. 6 (2015), no. 2, 162-172. 

R. A. Ferraz, C. P. Milies, Idempotents in group algebras and minimal abelian codes, Finite Fields 
Appl. 13 (2007), no. 2, 382-393. 

X. J. Guo, C. C. Xi, Cellularity of twisted semigroup algebras, J. Pure Appl. Algebra. 213 (2009), 
no. 1, 71-86. 

John M. Howie, Fundamentals of Semigroup Theory, Oxford University Press, New York, (1995). 

I. M. Isaacs, Character theory of finite groups, Pure and Applied Mathematics, Academic Press, New 
York-London, 69 (1976). 

E. Jespers, J. Okninski, Noetherian semigroup algebras, Bull. London Math. Soc. 38 (2006), no. 3, 
421-428. 

A. V. Kelarev, P. Sole, Error-correcting codes as ideals in group rings, Contemporary Math. 273 (2001), 
11 18. 

P. Kumar, S. K. Arora, S. Batra, Primitive idempotents and generator polynomials of some minimal 
cyclic codes of length p n q m , Int. J. Inf. Coding Theory 2 (2014), no. 4, 191 217. 

F. J. MacWilliams, Binary codes which are ideals in the group algebra of an abelian group, Bell System 
Tech. J. 49 (1970), 987-1011. 

R. L. Miller, Minimal codes in abelian group algebras, J. Combin. Theory Ser. A 26 (1979), no. 2, 
166-178. 

C. P. Milies, S. K. Sehgal, An introduction to group rings, Algebras and Applications, Kluwer Academic 
Publishers, Dordrecht, 1 (2002). 

S. Margolis, B. Steinberg, Quivers of monoids with basic algebras, Compos. Math. 148 (2012), no. 5, 
1516-1560. 

J. Okninski, Semigroup Algebras, Monographs and Textbooks in Pure and Applied Mathematics, 
Marcel Dekker, Inc., New York, 138 (1991). 

W. S. Park, The units and idempotents in the group ring of a finite cyclic group, Commun. Korean 
Math. Soc. 12 (1997), no. 4, 855-864. 

M. S. Putcha, Linear Algebraic Monoids, Cambridge University Press, Cambridge, UK, (1988). 

L. E. Renner, Regular algebraic monoids, Semigroup Forum 63 (2001), no. 2, 107- 113. 

R. E. Sabin, On determining all codes in semi-simple group rings. Applied algebra, algebraic algorithms 
and error-correcting codes, Lecture Notes in Comput. Sci., Springer, Berlin 673 (1993), 279-290. 

B. Steinberg, Mobius functions and semigroup representation theory, J. Combin. Theory Ser. A 113 
(2006), no. 5, 866-881. 

F. V. Saliola, The quiver of the semigroup algebra of a left regular band, International Journal of 
Algebra and Computation 17 (2007), no. 8, 1593-1610. 



20 


YI ZHANG, JIAN-RONG LI, XIAO-SONG PENG, YAN-FENG LUO 


[Sch08] M. Schocker, Radical of weakly ordered semigroup algebras , J. Algebraic Combin. 28 (2008), no. 1, 
231-234. 

[Ste08] B. Steinberg, Mobius functions and semigroup representation theory II: Character formulas and mul¬ 
tiplicities, Adv. Math. 217 (2008), no. 4, 1521-1557. 

[SM02] C. Milies and S. Sehgal, An Introduction to Group Rings, Algebras and Applications, Kluwer Academic 
Publishers, Dordrecht 1 (2002). 

[SBDR04] A. Sharma, G. K. Bakshi, V. C. Dumir, M. Raka, Cyclotomic numbers and primitive idempotents in 
the ring GF(q)[x]/(x p — 1), Finite Fields Appl. 10 (2004), no. 4, 653-673. 

Yi Zhang: School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P. R. 
China. 

E-mail address: zhangyil3@lzu.edu.cn 

Jian-Rong Li: School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P. R. 
China. 

E-mail address: lijr@lzu.edu.cn 

Xiao-song Peng: School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P. 
R. China. 

E-mail address: pengxiaosong3@163.com 

Yan-Feng Luo: School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P. 
R. China. 

E-mail address: luoyf@lzu.edu.cn 



